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ARTICLE
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problems in slab geometry
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A highly accurate S4 eigenfunction-based nodal method has been developed to solve multi-group discrete
ordinate neutral particle transport problems with a linearly anisotropic scattering in slab geometry. The
new method solves the even-parity form of discrete ordinates transport equation with an arbitrary SN
order angular quadrature using two sub-cell balance equations and the S4 eigenfunctions of within-group
transport equation. The four eigenfunctions from S4 approximation have been chosen as basis functions for
the spatial expansion of the angular flux in each mesh. The constant and cubic polynomial approximations
are adopted for the scattering source terms from other energy groups and fission source. A nodal method
using the conventional polynomial expansion and the sub-cell balances was also developed to be used for
demonstrating the high accuracy of the new methods. Using the new methods, a multi-group eigenvalue
problem has been solved as well as fixed source problems. The numerical test results of one-group problem
show that the new method has third-order accuracy as mesh size is finely refined and it has much higher
accuracies for large meshes than the diamond differencing method and the nodal method using sub-cell
balances and polynomial expansion of angular flux. For multi-group problems including eigenvalue prob-
lem, it was demonstrated that the new method using the cubic polynomial approximation of the sources
could produce very accurate solutions even with large mesh sizes.

Keywords: discrete ordinates method; eigenfunction expansion; sub-cell balances

1. Introduction

The accurate solutions of the transport equation are
important in many engineering areas such as nuclear re-
actor design, radiation shielding, optical tomography,
and radiative transfer problems. It has been well known
that the transport equation is quite difficult to solve ana-
lytically even for slab geometry problems except for very
simple cases. Hence, there have been tremendous studies
on developing accurate numerical differencing schemes
for the Boltzmann transport equation [1–5]. In slab ge-
ometry problem, a steady-state transport equation has
three independent variables: the spatial position, the di-
rectional cosine, and the energy of the particle. Typi-
cally, the dependency of the angular flux on energy is dis-
cretized by the multi-group approximation that divides
the whole energy range into a finite number of discrete
energy intervals [1–3]. One of the most direct and pow-
erful methods to approximate the angular variables is
the discrete ordinates method [1–4]. In the SN method,

∗Corresponding author. Email: deokjung@unist.ac.kr

the angular variable is discretized into a finite number of
discrete directions, and the transport equation is solved
for these discrete directions. For the first-order form of
multi-group discrete ordinates transport equation, the
exact spatial discretization methods that can give exact
solutions with no truncation errors have already been
developed [6–9]. These methods require a complete set
of eigenfunctions of the given problem. However, find-
ing the complete set of eigenfunctions is usually very dif-
ficult for such problems as requiring high-order angular
resolution and many energy groups. On the other hand,
there has been great success in the development of eigen-
function expansion method in the area of multi-group
neutron diffusion theory [10].

In this paper, a new advanced method which can
produce highly accurate solutions for multi-group trans-
port equation in slab geometry problems has been de-
veloped. The second-order form, i.e., even-parity form
[1,2] is considered rather than the first-order form of the
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transport equation in order to exploit the similarity of
equation form to the neutron diffusion equation. Au-
thor’s earlier works for one-group problems were pre-
sented only in the conferences (i.e., [11] and [12] for
isotropic source and linearly anisotropic source prob-
lems, respectively). The previous works [11,12] showed
that our new method using S4 eigenfunction expan-
sion and sub-cell balances gives extremely accurate so-
lutions irrespective of mesh sizes (i.e., almost no trun-
cation error). The present work in this paper extends
the idea to multi-group problems and it also includes
one-group test results for checking the order of con-
vergence of new method as mesh size is finely refined.
In this method, the sub-cell balance approaches [13–16]
and the eigenfunction expansion method [6–8,10] are
consistently combined for the coupling equations of un-
knowns. The angular fluxes are expanded using four
eigenfunctions of the S4 within-group transport equa-
tion. The unknowns in this new method are two sub-
cell average angular fluxes and two edge angular fluxes
of each mesh. The four expansion coefficients are cou-
pled by two sub-cell balance conditions and two con-
tinuity conditions of odd-parity angular fluxes. In case
of one-group problems, only approximation in this new
method is the adaptation of the four S4 eigenfunctions
rather than exact eigenfunctions of the discrete ordi-
nates transport equation. The reason for using the four
eigenfunctions of the S4 within-group transport equa-
tion rather than the full set of the eigenfunctions of the
multi-group SN transport equation is to avoid the com-
plicated computation of the full set of the exact eigen-
values and the corresponding eigenfunctions because it
is required to compose (N × G) × (N × G) matrix
equation for each material region with the full eigen-
values and eigenfunctions of the multi-group SN trans-
port equation and also complex eigenvalues can be oc-
curred for eigenvalue problems. Another reason is to
limit the number of expansion terms (i.e., number of
nodal knowns) to a fixed number for all the problems
including multi-group problems and for an arbitrary or-
der of angular quadrature set. This point is the key of
ourmethod. It is clear that the new eigenfunction expan-
sion method gives the exact solution without truncation
error when the one-group transport equation is solved
with the S4 angular quadrature set but produces approx-
imate solutions when used with higher order SN quadra-
ture even for one-group problems. In case ofmulti-group
problems, the eigenfunction expansion method requires
additional approximation on the scattering and fission
sources because the eigenfunctions of a within-group
transport equation is used rather than the eigenfunc-
tions of fully coupledmulti-group transport equation. In
this paper, two types of approximations of the scattering
source terms from other groups including fission source
have been considered to analyze the effects of the spa-
tial shape approximation for the scattering sources from
other groups including fission source on the accuracy:
(1) cubic polynomial spatial distribution and (2) con-

stant spatial distribution. The sub-cell balance method
with these approximations combined with S4 eigenfunc-
tion expansion are denoted as SCB-EEM1 (cubic) and
SCB-EEM2 (constant), respectively. In addition, a sub-
cell balance method with a polynomial expansion of an-
gular flux was also newly developed to show the effects
of different expansion methods on the accuracy and this
method is denoted as SCB-PEM. The SCB-PEM does
not require any explicit approximation of source terms.
These new methods were applied to solve various test
problems including eigenvalue problems as well as fixed
source problems.

This paper is organized as follows. Chapter 2 pro-
vides an introduction to multi-group even-parity trans-
port equation with discrete ordinates approximation
in slab geometry, its spectral analysis, and the deriva-
tion of new eigenfunction expansion methods. The nu-
merical tests and analyses will be given in Chapter 3.
Chapter 4 will conclude this paper.

2. Methodology

2.1. Spectral analysis of within-group even-parity
transport equation

We start with the following multi-group even-parity
transport equation of second-order form considering
linearly anisotropic scattering [1,11,12]:

−μ2 ∂

∂x

(
1
σg

∂ψ+
g

∂x

)
+ σgψ

+
g (x, μ) = σs0,g→gφg(x)

− 3μ2cs1,g→g
∂ Jg(x)

∂x
+ sg(x) +

∑
g′ �=g

σs0,g′→gφg′(x)

− 3μ2
∑
g′ �=g

cs1,g′→g
∂ Jg′(x)

∂x
, (1)

where ψ+
g (x, μ) means the even-parity angular flux for

energy group g and direction μ, and φg(x) is the scalar
flux, and Jg(x) is the net current. In Equation (1),
cs1,g′→g is the linearly anisotropic scattering ratio which
is defined as the ratio of the linearly anisotropic scatter-
ing cross section (σs1,g′→g) to the total cross section (σg),
and the other notations are conventional ones. Next,
the discrete ordinate approximation with the Gauss–
Legendre quadrature [1] is applied to Equation (1),
which leads to

−μ2
m

∂

∂x

(
1
σg

∂ψ+
g,m

∂x

)
+ σgψ

+
g,m(x) = σs0,g→gφg(x)

− 3μ2
mcs1,g→g

∂ Jg(x)
∂x

+ sg(x) +
∑
g′ �=g

σs0,g′→gφg′(x)

− 3μ2
m

∑
g′ �=g

cs1,g′→g
∂ Jg′(x)

∂x
, (2)
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where the subscript m denotes the discrete ordinate di-
rection, and the scalar flux and current are approxi-
mated using the Gauss–Legendre quadrature, which are
given by

φ(x) = 1
2

∫ 1

−1
dμψ(x, μ) =

∫ 1

0
dμψ+(x, μ)

=
N/2∑
m=1

wmψ+
m (x),

J(x) = 1
2

∫ 1

−1
dμμψ(x, μ) =

∫ 1

0
dμμψ−(x, μ)

=
N/2∑
m=1

wmμmψ−
m (x), (3)

where theweightswm are normalized such that their sum
is 2.0. In Equation (3),Nmeans the total number of dis-
crete ordinate directions (i.e., the order of SN angular
quadrature). FromEquation (3), it is noted that the con-
sideration of the particles with only positive directional
cosines is sufficient to calculate the angular flux mo-
ments with the even-parity formulation. With the even-
parity formulation, the neutron net current is given by
[1,12]

Jg(x) = 1
1 − cs1,g→g(x)

[
− 1

σg

∂

∂x

N/2∑
m=1

wmμ2
mψ+

g (x, μm)

+
∑
g′ �=g

cs1,g′→g Jg′(x)

]
, (4)

In our new methods, the four eigenfunctions of the
within-group even-parity transport equation with S4 ap-
proximation are used as the expansion basis functions
for the homogeneous angular flux while the spatial dis-
tribution of the scattering sources from other energy
groups and fission source are approximated to be ei-
ther constant or cubic polynomial shape. This simplifi-
cation is to avoid the complexities of finding the eigen-
values and eigenfunctions of the fully coupled multi-
group SN transport equation. The homogeneous form
of the within-group even-parity transport equations are
obtained by removing the scattering source terms from
other groups and external source in Equations (2) and
(4). The resulting equations are given by

−μ2
m

∂

∂x

(
1
σg

∂ψ+,h
g,m

∂x

)
+ σgψ

+,h
g,m (x) = σs0,g→gφ

h
g (x)

− 3μ2
mcs1,g→g

∂ Jhg (x)

∂x
,

Jhg (x) = −1
1 − cs1,g→g

1
σg

∂

∂x

N/2∑
n=1

wnμ
2
nψ

+,h
g,n (x), (5)

where ψ+,h
g,m (x) is the homogeneous even-parity angular

flux.Next, the ansatz of the following form [6,7] is used:

ψ+,h
g,m (x) = ag,m(ν)e−σgx/ν, (6)

where ν and ag,m(ν) are an eigenvalue and its corre-
sponding vector, respectively. Then, the substitution of
Equation (6) into Equation (5) leads to

[
−μ2

m

ν2
+ 1

]
ag,m(ν)

= cs0,g→g

N/2∑
n=1

wnag,n(ν)

+ 3μ2
m

cs1,g→g

(1 − cs1,g→g)ν2

N/2∑
n=1

wnμ
2
nag,n(ν). (7)

where cs0,g→g is the ratio of the isotropic scattering cross
section (σs0,g→g) to the total cross section (σg).

At this point, the eigenvectors are normalized such
that they satisfy the following condition:

N/2∑
m=1

wmag,m(ν) = 1. (8)

With this normalization, the summation of Equation
(7) over the discrete directions after multiplying it with
the weight wm gives

N/2∑
m=1

wmμ2
mag,m(ν) = (1 − cs0,g→g)(1 − cs1,g→g)ν2. (9)

So, the formula for the eigenfunction is finally
obtained, which is given by

ag,m(ν) = cs0,g→g + 3μ2
mcs1,g→g(1 − cs0,g→g)

1 − μ2
m

ν2

. (10)

This formula for the eigenfunction is exactly the
same as that of the first-order form of the one-group
transport equation with the discrete ordinate ap-
proximation [6,7]. The eigenvalues are determined by
Equations (8) and (10). Also, it is well known that
the eigenvalues are all real and they are distributed
symmetrically around zero if the isotropic and linearly
anisotropic scattering ratios are less than unity [6]. Al-
though there are N eigenvalues for each energy group,
our methods need only four eigenfunctions because the
even-parity angular flux will be expanded with only
four terms. In author’s earlier study, two methods of the
eigenfunction selection were analyzed for one-group
problems [11,12]. The first method was to select two
eigenfunctions corresponding to the two largest positive
eigenvalues and two eigenfuctions corresponding to
negative eigenvalues of the same absolute values as
the two largest positive eigenvalues, while the second
method selected the four eigenfunctions of the discrete
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ordinates transport equation with S4 approximation.
The previous studies [11,12] showed that the latter
selection method gives more accurate solutions for
various one-group problems. Consequently, in this
paper, the four eigenfunctions of the within-group S4

transport equation were used as the basis functions for
the expansion of even-parity angular flux.

2.2. Eigenfunction expansion method
Asmentioned in the previous section, the four eigen-

functions of the within-group S4 discrete ordinates even-
parity transport equation will be used to approximate
the spatial shape homogeneous even-parity angular flux
of arbitrary SN angular quadrature. Now, it is needed
to find the particular even-parity angular flux to con-
struct the total even-parity angular flux. As mentioned
in Chapter 1, the sum of scattering source from other
groups and fission source was considered as the ex-
ternal sources, and the spatial shape of these external
sources needs to be approximated to determine the spa-
tial shape of the particular even-parity angular flux. Be-
fore proceeding to further derivation, the multi-group
even-parity transport equation, Equation (2), is rewrit-
ten as follows:

−μ2
m

∂

∂x

(
1
σg

∂ψ+
g,m

∂x

)
+ σgψ

+
g,m(x) = σs0,g→gφg(x)

− 3μ2
mcs1,g→g

∂ Jg(x)
∂x

+ qg,m(x),

qg,m(x) = sg(x) +
∑
g′ �=g

σs0,g′→gφg′(x)

− 3μ2
m

∑
g′ �=g

cs1,g′→g
∂ Jg′(x)

∂x
. (11)

Approximations of the cubic and quadratic shapes
have been made for the scalar fluxes and currents, re-
spectively, in the scattering from other groups and fis-
sion source terms in each mesh, which is referred to as
SCB-EEM1 in this paper. The coefficients of this poly-
nomial approximation of scalar fluxes can be calculated
as follows by preserving the sub-cell average scalar fluxes
and the scalar fluxes at the mesh edges:

ϕg(x) = Ag,i + Bg,i x+ Cg,i x2 + Dg,i x3,

Ag,i = 3
4
(ϕg,i,hl + ϕg,i,hr ) − 1

4
(ϕg,i + ϕg,i+1),

Bg,i = 4
h
(ϕg,i,hr − ϕg,i,hl ) − 1

h
(ϕg,i+1 − ϕg,i ),

Cg,i = 3
h2

[ϕg,i+1 + ϕg,i − (ϕg,i,hl + ϕg,i,hr )],

and

Dg,i = 8
h3

(ϕg,i+1 + ϕg,i ) − 16
h3

(ϕg,i,hr − ϕg,i,hl ), (12)

where φg,i,hl and φg,i,hr are the sub-cell average scalar
fluxes over the left-half and the right-half sub-cells of the
ith mesh, respectively, while φg,i is the scalar flux at the
left edge of the ith mesh, and h is the mesh width. For
each mesh, the origin of x-coordinate is at the center of
mesh. Figure 1 shows the mesh and sub-cell divisions in-
cluding the unknowns which are used in the derivations.
In Figure 1, the subscript g for the current and fluxes is
omitted for simplicity.

On the other hand, the neutron currents in the lin-
early anisotropic scattering source terms are assumed to
be quadratic spatial shape and their coefficients can be
determined by preserving the currents at the edges and

Figure 1. Meshes, sub-cell divisions, and unknown variables.
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at the center of mesh as follows:

Jg(x) = Eg,i + Fg,i x+ Gg,i x2,

Eg,i = Jc,g,i ,

Fg,i = Jg,i+1 − Jg,i
h

,

Gg,i = 2
h2

[Jg,i+1 + Jg,i − 2Jc,g,i ]. (13)

Next, removing the neutron current term of the en-
ergy group g in Equation (11) using Equation (4) leads
to the following equation:

−μ2
m

∂

∂x

(
1
σg

∂ψ+
g,m

∂x

)
+ σgψ

+
g,m(x) = σs0,g→g

N/2∑
n=1

wnψ
+
g,n

+ 3μ2
mcs1,g→g

(1 − cs1,g→g)σg

N/2∑
n=1

wnμ
2
n

∂2ψ+
g,n

∂x2
+ qg,m(x),

qg,m(x) = sg(x) +
∑
g′ �=g

σs0,g′→g[Ag′ + Bg′x+ Cg′x2 + Dg′x3]

− 3μ2
m

1 − cs1,g→g

∑
g′ �=g

cs1,g′→g[Fg′ + 2Gg′x]. (14)

In Equation (14), the spatial shapes of scalar flux and
currents in Equations (12) and (13) have been introduced
into the source term. As shown in Equation (14), the to-
tal source term is represented by the cubic spatial dis-
tribution. If the problem is a fixed source problem, the
external source is approximated to be spatially flat while
the fission source is approximated to be spatially cubic
as follows:

s f,g(x) = 1
keff

G∑
g′=1

νσ fg′ [Ag′ + Bg′x+ Cg′x2 + Dg′x3].

(15)

Hence, the cubic spatial distribution of the particular
even-parity angular flux can be written as follows:

ψ+,p
g,m (x) = αg,m + βg,mx+ γg,mx2 + δg,mx3. (16)

The coefficients of Equation (16) are determined by
substituting Equation (16) into Equation (14) and then
comparing the coefficients of the resulting equations.
The explicit formulas for these coefficients are written
as

δg,m = δg = 1
1 − cs0,g→g

∑
g′ �=g

cs0,g′→gDg′,

γg,m = γg = 1
1 − cs0,g→g

∑
g′ �=g

cs0,g′→gCg′,

βg = 1
σg − σs0,g→g

[
2
σg

δg

1 − cs1,g→g
+

∑
g′ �=g

σs0,g′→gBg′

− 2
1 − cs1,g→g

∑
g′ �=g

cs1,g′→gGg′

]
,

βg,m = cs0,g→gβg +
∑
g′ �=g

cs0,g′→gBg′

+ 6μ2
m

(1 − cs1,g→g)σg

⎡
⎣ 1

σg
δg −

∑
g′ �=g

cs1,g′→gGg′

⎤
⎦ ,

αg = 1
σg − σs0,g→g

[
2
3

γg

(1 − cs1,g→g)σg
+ sg

+
∑
g′ �=g

σs0,g′→g Ag′ − 1
1 − cs1,g→g

∑
g′ �=g

cs1,g′→g Fg′

]
,

αg,m = cs0,g→gαg + sg
σg

+
∑
g′ �=g

cs0,g′→g Ag′

+ μ2
m

(1 − cs1,g→g)σg

⎡
⎣2γg

σg
− 3

∑
g′ �=g

cs1,g′→g Fg′

⎤
⎦ ,

(17)

where the mesh index i is omitted for brevity. For the
eigenvalue problems, Equation (17) has to include the
fission source of Equation (15). It should be noted
that these coefficients can be determined when the
scattering sources from other groups including fission
sources are specified and, therefore, these coefficients
are iteratively determined using the scattering sources
calculated in the previous iteration step. The total
even-parity angular flux which is the sum of homoge-
neous and particular even-parity angular fluxes can be
represented by

ψ+
m,i (x) = am,i sinh

(
σi x
ν1,i

)
+ bm,i cosh

(
σi x
ν1,i

)

+ cm,i sinh
(

σi x
ν2,i

)
+ dm,i cosh

(
σi x
ν2,i

)
+αm,i + βm,i x+ γm,i x2 + δm,i x3, (18)

where ν values are four eigenvalues of the within-group
even-parity transport equation with the S4 Gauss–
Legendre quadrature, and the group index g is omit-
ted for simplicity. Also, the hyperbolic sine and hyper-
bolic cosine functions are used rather than the exponen-
tial functions for the eigenfunctions in Equation (18) for
the ease of manipulations. The expansion coefficients of
Equation (18) are determined as follows in terms of the
unknown variables shown in Figure 1:

am,i = ρ0,i

(
ψ+
m,i+1 − ψ+

m,i − βm,i hi − δm,i
h3i
4

)

+ λ0,i

(
ψ+
m,i,hr − ψ+

m,i,hl − βm,i
hi
2

− δm,i
h3i
16

)
,

cm,i = ρ1,i

(
ψ+
m,i+1 − ψ+

m,i − βm,i hi − δm,i
h3i
4

)

+ λ1,i

(
ψ+
m,i,hr − ψ+

m,i,hl − βm,i
hi
2

− δm,i
h3i
16

)
,
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bm,i = �0,i

(
ψ+
m,i+1 + ψ+

m,i − 2αm,i − γm,i
h2i
2

)

+�0,i

(
ψ+
m,i,hr + ψ+

m,i,hl − 2αm,i − γm,i
h2i
6

)
,

dm,i = �1,i

(
ψ+
m,i+1 + ψ+

m,i − 2αm,i − γm,i
h2i
2

)

+�1,i

(
ψ+
m,i,hr + ψ+

m,i,hl − 2αm,i − γm,i
h2i
6

)
,

(19)

where the coefficients are given by

ρ0,i =
4ν2,i
σi hi

[
cosh

(
σi hi
2ν2,i

) − 1
]

ξi
, λ0,i =

−2 sinh
(

σi hi
2ν2,i

)
ξi

,

�0,i =
4ν2,i
σi hi

sinh
(

σi hi
2ν2,i

)
ζi

, ρ1,i =
− 4ν1,i

σi hi

[
cosh

(
σi hi
2ν1,i

) − 1
]

ξi
,

λ1,i =
2 sinh

(
σi hi
2ν1,i

)
ξi

, �0,i =
−2 cosh

(
σi hi
2ν2,i

)
ζi

,

�1,i =
− 4ν1,i

σi hi
sinh

(
σi hi
2ν1,i

)
ζi

, �1,i =
2 cosh

(
σi hi
2ν1,i

)
ζi

. (20)

In this equation, the following quantities are used:

ξi = 8ν2,i
σi hi

[
cosh

(
σi hi
2ν2,i

)
− 1

]
sinh

(
σi hi
2ν1,i

)

− 8ν1,i
σi hi

[
cosh

(
σi hi
2ν1,i

)
− 1

]
sinh

(
σi hi
2ν2,i

)
,

ζi = 8ν2,i
σi hi

sinh
(

σi hi
2ν2,i

)
cosh

(
σi hi
2ν1,i

)

− 8ν1,i
σi hi

sinh
(

σi hi
2ν1,i

)
cosh

(
σi hi
2ν2,i

)
. (21)

Then, the sub-cell balance conditions are imposed
on the even-parity angular flux distribution given by
Equation (18) to derive the spatial coupling equations.
As shown in Figure 1, each mesh is subdivided into
two sub-cells having equal volumes. The sub-cell bal-
ance equation is obtained by integrating themulti-group
even-parity transport equation, Equation (11), over each
sub-cell. The sub-cell balance equation for the left sub-
cell can be written by

−μ2
m

σi

∂ψ+
m

∂x
|x=xc + μ2

m

σi

∂ψ+
m

∂x
|x=xl + σiψ

+
m,i,hl

hi
2

= WSm,i,hl
hi
2

, (22)

where xc and xl are the x values at the center and the left
edge of mesh, respectively. In Equation (22), WSm, j,hl is
the average within-group source over the left-half sub-

cell for the present energy group g, which is given by

WSg,m,i,hl
hi
2

= σs0,i,g→gφg,i,hl
hi
2

− 3μ2
mcs1,i,g→g[Jcg,i − Jg,i ] + sg,i,hl

hi
2

+ hi
2

∑
g′ �=g

σs0,i,g′→gφg′,i,hl

− 3μ2
m

∑
g′ �=g

cs1,i,g′→g[Jcg′,i − Jg′,i ]. (23)

It is noteworthy to note that this sub-cell balance
equation is exact from the viewpoint of that it has no
spatial approximation. Substituting the even-parity an-
gular flux, Equation (18), which is represented in terms
of the unknown variables, into Equation (22) leads to

U2m,iψ
+
m,i,hr +U1m,iψ

+
m,i,hl = −U4m,iψ

+
m,i+1

−U3m,iψ
+
m,i − V1m,iαm,i + V2m,iβm,i

−V3m,iγm,i + V4m,iδm,i + WSm,i,hl
hi
2

, (24)

where the following definitions for Us are used:

U1m,i = μ2
m

[
λ0,i

ν1,i
+ λ1,i

ν2,i
− λ0,i

ν1,i
cosh

(
σi hi
2ν1,i

)

− �0,i

ν1,i
sinh

(
σi hi
2ν1,i

)
− λ1,i

ν2,i
cosh

(
σi hi
2ν2,i

)

− �1,i

ν2,i
sinh

(
σi hi
2ν2,i

) ]
+ σi

hi
2

,

U2m,i = μ2
m

[
− λ0,i

ν1,i
− λ1,i

ν2,i
+ λ0,i

ν1,i
cosh

(
σi hi
2ν1,i

)

− �0,i

ν1,i
sinh

(
σi hi
2ν1,i

)
+ λ1,i

ν2,i
cosh

(
σi hi
2ν2,i

)

− �1,i

ν2,i
sinh

(
σi hi
2ν2,i

) ]
,

U3m,i = μ2
m

[
ρ0,i

ν1,i
+ ρ1,i

ν2,i
− ρ0,i

ν1,i
cosh

(
σi hi
2ν1,i

)

− �0,i

ν1,i
sinh

(
σi hi
2ν1,i

)
− ρ1,i

ν2,i
cosh

(
σi hi
2ν2,i

)

− �1,i

ν2,i
sinh

(
σi hi
2ν2,i

)]
,

U4m,i = μ2
m

[
− ρ0,i

ν1,i
− ρ1,i

ν2,i
+ ρ0,i

ν1,i
cosh

(
σi hi
2ν1,i

)

− �0,i

ν1,i
sinh

(
σi hi
2ν1,i

)
+ ρ1,i

ν2,i
cosh

(
σi hi
2ν2,i

)

− �1,i

ν2,i
sinh

(
σi hi
2ν2,i

)]
. (25)
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Also, Vs in Equation (24) can be written as

V1m,i = 2μ2
m

[ (
�0,i

ν1,i
+ �0,i

ν1,i

)
sinh

(
σi hi
2ν1,i

)

+
(

�1,i

ν2,i
+ �1,i

ν2,i

)
sinh

(
σi hi
2ν2,i

) ]
,

V2m,i = −μ2
m

[
ρ0,i

ν1,i
hi + λ0,i

ν1,i

hi
2

+ ρ1,i

ν2,i
hi + λ1,i

ν2,i

hi
2

−
(

ρ0,i

ν1,i
hi + λ0,i

ν1,i

hi
2

)
cosh

(
σi hi
2ν1,i

)

−
(

ρ1,i

ν2,i
hi + λ1,i

ν2,i

hi
2

)
cosh

(
σi hi
2ν2,i

) ]
,

V3m,i = μ2
m

[ (
�0,i

ν1,i

h2i
2

+ �0,i

ν1,i

h2i
6

)
sinh

(
σi hi
2ν1,i

)

+
(

�1,i

ν2,i

h2i
2

+ �1,i

ν2,i

h2i
6

)
sinh

(
σi hi
2ν2,i

)
− hi

σi

]
,

V4m,i = −μ2
m

[
ρ0,i

ν1,i

h3i
4

+ λ0,i

ν1,i

h3i
16

+ ρ1,i

ν2,i

h3i
4

+ λ1,i

ν2,i

h3i
16

−
(

ρ0,i

ν1,i

h3i
4

+ λ0,i

ν1,i

h3i
16

)
cosh

(
σi hi
2ν1,i

)

−
(

ρ1,i

ν2,i

h3i
4

+ λ1,i

ν2,i

h3i
16

)
cosh

(
σi hi
2ν2,i

)
+ 3

4
h2i
σi

]
.

(26)

The sub-cell balance equation for the right sub-cell
can be derived using a similar procedure and the result
is given by

U1m,iψ
+
m,i,hr +U2m,iψ

+
m,i,hl = −U3m,iψ

+
m,i+1 −U4m,iψ

+
m,i

−V1m,iαm,i − V2m,iβm,i − V3m,iγm,i − V4m,iδm,i

+WSm,i,hr
hi
2

. (27)

Next, the equation for the even-parity angular fluxes
at the mesh edges is derived using the continuity condi-
tion of odd- and even-parity angular fluxes at the inter-
faces between two neighboring meshes. The odd-parity
angular flux can be represented in terms of even-parity
angular flux and the sources from other groups as fol-
lows [1,12]:

ψ−
g (x, μm) = −μm

σg

∂ψ+
g (x, μm)

∂x
− 3μmcs1,g→g

1 − cs1,g→g(x)

×
[
1
σg

∂

∂x

N/2∑
n=1

wnμ
2
nψ

+
g (x, μn)

]

+ 3μm

1 − cs1,g→g(x)

∑
g′ �=g

cs1,g′→g Jg′(x).

(28)

The odd-parity angular flux at the right edge of ith
mesh can be evaluated by substituting x = hi/2 into
Equations (18) and (28). The result is given by

ψ−
m,i+1 ≡ ψ−

m

(
x = hi

2

)
= −T1m,iψ

+
m,i+1 − T2m,iψ

+
m,i

+T3m,iψ
+
m,i,hr + T4m,iψ

+
m,i,hl + T5m,iαm,i

+T6m,iβm,i + T7m,iγm,i + T8m,iδm,i + JWS+
m,i ,

(29)

where the coefficients are defined as follows:

T1m,i = μm

[
ρ0,i

ν1,i
cosh

(
σi hi
2ν1,i

)
+ �0,i

ν1,i
sinh

(
σi hi
2ν1,i

)

+ ρ1,i

ν2,i
cosh

(
σi hi
2ν2,i

)
+ �1,i

ν2,i
sinh

(
σi hi
2ν2,i

)]
,

T2m,i = μm

[
− ρ0,i

ν1,i
cosh

(
σi hi
2ν1,i

)
+ �0,i

ν1,i
sinh

(
σi hi
2ν1,i

)

−ρ1,i

ν2,i
cosh

(
σi hi
2ν2,i

)
+ �1,i

ν2,i
sinh

(
σi hi
2ν2,i

) ]
,

(30)

T3m,i = −μm

[
λ0,i

ν1,i
cosh

(
σi hi
2ν1,i

)
+ �0,i

ν1,i
sinh

(
σi hi
2ν1,i

)

+λ1,i

ν2,i
cosh

(
σi hi
2ν2,i

)
+ �1,i

ν2,i
sinh

(
σi hi
2ν2,i

) ]
,

T4m,i = μm

[
λ0,i

ν1,i
cosh

(
σi hi
2ν1,i

)
− �0,i

ν1,i
sinh

(
σi hi
2ν1,i

)

+ λ1,i

ν2,i
cosh

(
σi hi
2ν2,i

)
− �1,i

ν2,i
sinh

(
σi hi
2ν2,i

)]
,

T5m,i = 2μm

[
�0,i

ν1,i
sinh

(
σi hi
2ν1,i

)
+ �0,i

ν1,i
sinh

(
σi hi
2ν1,i

)

+ �1,i

ν2,i
sinh

(
σi hi
2ν2,i

)
+ �1,i

ν2,i
sinh

(
σi hi
2ν2,i

) ]
,

T6m,i = μm

[ (
ρ0,i

ν1,i
+ λ0,i

2ν1,i

)
hi cosh

(
σi hi
2ν1,i

)

+
(

ρ1,i

ν2,i
+ λ1,i

2ν2,i

)
hi cosh

(
σi hi
2ν2,i

)
− 1

σi

]
,

T7m,i = μm

[(
�0,i

2ν1,i
+ �0,i

6ν1,i

)
h2i sinh

(
σi hi
2ν1,i

)

+
(

�1,i

2ν2,i
+ �1,i

6ν2,i

)
h2i sinh

(
σi hi
2ν2,i

)
− hi

σi

]
,

T8m,i = μm

[(
ρ0,i

4ν1,i
+ λ0,i

16ν1,i

)
h3i cosh

(
σi hi
2ν1,i

)

+
(

ρ1,i

4ν2,i
+ λ1,i

16ν2,i

)
h3i cosh

(
σi hi
2ν2,i

)
− 3

4σi
h2i

]
,
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The other coefficients T can be similarly given but
they are omitted here for simplicity. The source term in
Equation (29) is given by

JWS+
g,m,i = 3μmcs1,i,g→g Jg,i+1

+ 3μm

∑
g′ �=g

cs1,i,g′→g Jg′,i+1. (31)

Also, the odd-parity angular flux at the left edge
of (i + 1)th mesh can be evaluated by substituting
x = −hi+1/2 into Equations (18) and (28). The result is
given by

ψ−
m,i+1 ≡ ψ−

m

(
x = −hi+1

2

)
= T1m,i+1ψ

+
m,i+1

+T2m,i+1ψ
+
m,i+2 − T3m,i+1ψ

+
m,i+1,hl

−T4m,i+1ψ
+
m,i+1,hr − T5m,i+1αm,i+1

+T6m,i+1βm,i+1 − T7m,i+1γm,i+1 + T8m,i+1δm,i+1

+ JWS−
m,i+1, (32)

where the source is defined as

JWS−
g,m,i+1 = 3μmcs1,i+1,g→g Jg,i+1

+ 3μm

∑
g′ �=g

cs1,i+1,g′→g Jg′,i+1. (33)

Therefore, the continuity condition of the odd- and
even-parity angular fluxes at the interface gives the fol-
lowing equation for the even-parity angular fluxes at the
edges of the meshes:

(T1m,i + T1m,i+1)ψ+
m,i+1 + T2m,i+1ψ

+
m,i+2 + T2m,iψ

+
m,i

= T3m,i+1ψ
+
m,i+1,hl + T4m,i+1ψ

+
m,i+1,hr + T3m,iψ

+
m,i,hr

+T4m,iψ
+
m,i,hl + T5m,i+1αm,i+1 − T6m,i+1βm,i+1

+T7m,i+1γm,i+1 − T8m,i+1δm,i+1 + T5m,iαm,i

+T6m,iβm,i + T7m,iγm,i + T8m,iδm,i + JWS+
m,i

− JWS−
m,i+1, (34)

By now, all of the coupling equations for the un-
known even-parity angular fluxes have been derived. A
consideration of boundary conditions is still needed for
the completion of derivation. First, it is assumed that
the left boundary is vacuum. The vacuum condition
for the left boundary is just that the angular fluxes for
the incoming directions are zero on this boundary. This
condition is described as

ψ(x = 0, μm)

= ψ+(x = 0, μm) + ψ−(x = 0, μm), μm > 0,

⇒ ψ(x = 0, μm)

= ψ+
m,1 + ψ−

m,1 = 0 (35)

The use of Equation (32) with i= 0 in Equation (35)
gives the following boundary condition coupling the un-
known even-parity angular fluxes:

(1 + T1m,1)ψ+
m,1 + T2m,1ψ

+
m,2−T3m,1ψ

+
m,1,hl − T4m,1ψ

+
m,1,hr

−T5m,1αm,1+T6m,1βm,1 − T7m,1γm,1

+T8m,1δm,1+JWS−
m,1 = 0. (36)

The reflective boundary condition is simply setting
the odd-parity angular flux to zero at the reflective
boundary. To perform the scattering source iteration, the
currents at both themesh centers and themesh edges are
needed to be known. These currents are calculated by
Equation (4). The equation for calculating the net cur-
rent at the center of ith mesh is given by

Jc,i = − 1
(1 − cs1,i )

[ (
ρ0,i

ν1,i
+ ρ1,i

ν2,i

) N/2∑
m=1

wmμ2
m

× (ψ+
m,i − ψ+

m,i+1) +
(

λ0,i

ν1,i
+ λ1,i

ν2,i

)

×
N/2∑
m=1

wmμ2
m(ψ

+
m,i,hl − ψ+

m,i,hr )

+
[(

ρ0,i

ν1,i
+ λ0,i

2ν1,i
+ ρ1,i

ν2,i
+ λ1,i

2ν2,i

)
hi − 1

σi

]

×
N/2∑
m=1

wmμ2
mβm,i +

(
ρ0,i

4ν1,i
+ λ0,i

16ν1,i

+ ρ1,i

4ν2,i
+ λ1,i

16ν2,i

)
1
3
h3i δi

]
+ JEc,i ,

JEc,i =
∑

g′ �=g cs1,i,g′→g Jcg′,i

1 − cs1,i,g→g
. (37)

Now, all the equations have been derived for the
scattering source iteration. The iterative solution proce-
dure can be summarized as follows. The sweeping over
the energy groups starts from the highest energy group
(g = 1). For this energy group, the scattering sources,
Equations. (23), (31), and (33), from other lower energy
groups are initially guessed. Then, the even-parity an-
gular fluxes are obtained using the scattering source it-
eration. In the first-order form of transport equation,
one sweeping over all the meshes is enough to obtain
the angular fluxes for each direction with the known
group source, while the even-parity transport equation
requires additional iterations or direct inversion. The
self-group source scattering iteration proceeds with the
initial guess of the scalar flux for the present group.
The following iterative method was used. First, the sub-
cell balance equations, Equations. (24) and (27), are
solved for all meshes. When solving the sub-cell balance
equations, the even-parity angular fluxes at the edges
are initially guessed or known from the previous iter-
ation. Then, the equations representing the continuity
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condition of odd-parity angular fluxes, Equation (34),
with the equations for the boundary conditions, are
solved using the new updates of sub-cell average even-
parity angular fluxes for all edges. After the even-parity
angular flux calculation by this iterative method, the
sub-cell average scalar fluxes and the currents both at
the edges and at the centers of meshes are calculated.
Then, the scattering sources are updated. After the com-
pletion of the scattering source iteration, the same cal-
culations for the next energy group are performed with
the updated scattering sources from the higher energy
groups. The sweeping over all the energy groups should
be repeated for the problems having up-scattering cross
sections and eigenvalue problems.

As a simple approximation of the spatial shape of
scattering sources from other groups and fission source,
a constant shape approximation was considered to show
the effects of the order of approximation on the spatial
shape of scattering sources from other groups and fis-
sions source. We call this method SCB-EEM2. For this
case, the particular even-parity angular flux is constant
within each mesh because the source is assumed to be
constant. It is straightforward to derive that the partic-
ular even-parity angular flux is given by

ψ+,p
m,g (x) = αg,i = 1

(1 − cs0,i,g→g)σg,i

×
⎡
⎣sg,i +

∑
g′ �=g

σs0,i,g′→g Ag′,i

⎤
⎦ ,

Ag,i = 1
2
[ϕg,i,hl + ϕg,i,hr ] (38)

The other formulation procedures for this method
are the same as those of the cubic spatial approximation.
For one-group problems, twomethods (SCB-EEM1 and
SCB-EEM2) have no difference and they should give
the exact solutions with no truncation error for the dis-
crete ordinates transport equation using the S4 angu-
lar quadrature. However, these methods give approxi-
mate solutions for multi-group problems because all of
the exact eigenfunctions of the fully coupledmulti-group
transport equation were not considered.

2.3. Polynomial expansion method
As an alternative method for the eigenfunction ex-

pansion, a polynomial expansion of even-parity angu-
lar flux within each mesh was considered to compare
the accuracy of our new methods using S4 eigenfunc-
tion expansion with the polynomial expansion method.
This expansionmethod has been used in the nodal diffu-
sion methods that are popular in nuclear reactor physics
area [17]. The polynomial expansion method was com-
bined with the sub-cell balance method in this work to
solve the multi-group even-parity transport equation.
This method is denoted as SCB-PEM. Because four un-

knowns are used, the even-parity angular flux is ex-
panded within the ith mesh as follows:

ψ+
m (x) = am,i + bm,i x+ cm,i x2 + dm,i x3. (39)

Using this expansion, the expansion coefficients can
be represented in terms of the four unknown even-parity
angular fluxes as follows:

am,i = 3
4

(
ψ+
m,i,hr + ψ+

m,i,hl

) − 1
4

(
ψ+
m,i+1 + ψ+

m,i

)
,

bm,i = 4
hi

(
ψ+
m,i,hr − ψ+

m,i,hl

) − 1
hi

(
ψ+
m,i+1 − ψ+

m,i

)
,

cm,i = 3

h2i

[(
ψ+
m,i+1 + ψ+

m,i

) − (
ψ+
m,i,hr + ψ+

m,i,hl

)]
,

dm,i = 8

h3i

[(
ψ+
m,i+1 − ψ+

m,i

) − 2
(
ψ+
m,i,hr − ψ+

m,i,hl

)]
(40)

Then, the expansion of the even-parity angular flux
with the coefficients given by Equation (40) is substi-
tuted into the sub-cell balance equations, Equation (22).
The resulting sub-cell balance equations can be written
as

[
15μ2

m

σi hi
+ σi

hi
2

]
ψ+
m,i,hl −

9μ2
m

σi hi
ψ+
m,i,hr = −3μ2

m

σi hi
ψ+
m,i+1

+ 9μ2
m

σi hi
ψ+
m,i + WSm,i,hl

hi
2

. (41)

−9μ2
m

σi hi
ψ+
m,i,hl +

[
15μ2

m

σi hi
+ σi

hi
2

]
ψ+
m,i,hr = 9μ2

m

σi hi
ψ+
m,i+1

− 3μ2
m

σi hi
ψ+
m,i + WSm,i,hr

hi
2

. (42)

Also, the equation representing the continuity con-
ditions of the odd- and even-parity angular fluxes on
the interfaces can be derived by similar procedure in the
derivation of the eigenfunction expansion method. The
resulting equation is given by

−2μm

σi hi
ψ+
m,i +

[
8μm

σi hi
+ 8μm

σi+1hi+1

]
ψ+
m,i+1

− 2μm

σi+1hi+1
ψ+
m,i+2 = 11μm

σi hi
ψ+
m,i,hr − 5μm

σi hi
ψ+
m,i,hl

− 5μm

σi+1hi+1
ψ+
m,i+1,hr + 11μm

σi+1hi+1
ψ+
m,i+1,hl

+ JWS+
m,i − JWS−

m,i+1. (43)

The boundary conditions can be derived as done in
the previous eigenfunction expansion method. For ex-
ample, the equation for the left boundary having vac-
uum condition is given by

[
1 + 8μm

σ1h1

]
ψ+
m,1 = μm

σi hi

[−5ψ+
m,,1,hr + 11ψ+

m,,1,hl

+ 2ψ+
m,2

] + JWS−
m,1. (44)
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Figure 2. Comparison of theL2-norms of errors versus mesh
size.

The net currents at the centers of meshes are calcu-
lated by

Jc,i = 1
(1 − cs1,i )σi hi

[
− 4

N/2∑
m=1

wmμ2
m

(
ψ+
m,i,hr − ψ+

m,i,hl

)

+
N/2∑
m=1

wmμ2
m

(
ψ+
m,i+1 − ψ+

m,i

)] + JEc,i ,

JEc,i =
∑

g′ �=g cs1,i,g′→g Jcg′,i

1 − cs1,i,g→g
. (45)

Finally, the net current at the right edge of the ith
mesh is represented as

Ji+1 = 1
(1 − cs1,i )σi hi

N/2∑
m=1

wmμ2
m(−11ψ+

m,i,hr + 5ψ+
m,i,hl

+ 8ψ+
m,i+1 − 2ψ+

m,i ) + JE+
i ,

JE+
i =

∑
g′ �=g cs1,i,g′→g Jg′,i+1

1 − cs1,i,g→g
. (46)

As shown in the formulations, the polynomial ex-
pansion method is simpler in calculating the coefficients
of the coupling equations and the sources from other
groups than in the eigenfunction expansion methods.
The computational procedure of this method is the same
as that of the eigenfunction expansion method.

3. Numerical tests

In this chapter, the newmethods were applied to sev-
eral test problems to demonstrate the performance of
the new methods. This chapter is divided into two sec-
tions. In Section 3.1, the methods are applied to a sim-
ple homogeneous one-group problem in order to ana-
lyze the order of convergence of new methods as mesh
size is finely refined. The numerical tests for the multi-
group fixed source and eigenvalue problems are provided
in Section 3.2.

3.1. Numerical accuracy analysis in one-group
homogeneous problem

The order of convergence of new methods is numeri-
cally analyzed for a one-group homogeneous problem as
for mesh refinements. The first test problem is a 2.0-cm
thick homogeneous slab with vacuum condition at both

Figure 3. Configuration and sources of the two-group heterogeneous test problem.
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boundaries. The macroscopic total and scattering cross
sections are 2.0 and 1.0 cm−1, respectively. The source
of 1.0 #/cm3 sec is uniformly distributed in the slab. For
this problem, we considered eight mesh sizes of 2.0, 1.0,
1/2, 1/4, 1/8, 1/16, 1/32, and 1/64 cm to show the con-
vergence of the methods as the mesh size decreases. S12

angular quadrature was used and the results of the di-
amond differencing (DD) are compared with those of
new methods. The exact solutions of the discrete ordi-
nates transport equation with S12 angular quadrature
are obtained using the eigenfunction expansion and the
vacuum boundary conditions. Then, the L2-norm of the
errors for each mesh size were evaluated using

EI =
√√√√1
I

I∑
i=1

(φnume,i − φexact,i )2, (47)

where φnume,i and φexact,i are the numerically estimated
and exact scalar fluxes for the mesh i, respectively, and
I is the total number of meshes. Figure 2 compares the
variations of the L2 norm of the errors for new methods
and DD versus the inverse of the mesh size. This figure
shows that DD has its well-known second-order behav-
ior of the convergence while the new eigenfunction and
polynomial expansion methods with sub-cell balances
have third-order convergence as the mesh size decreases.
It is also noted that SCB-EEM gives much smaller val-
ues of the L2 norm of errors for large mesh sizes than
SCB-PEM and DD.

Table 1. Cross sections (cm−1) for the two-group heteroge-
neous problem.

Scattering cross
sections

Energy Total cross
Regions group (g) sections 1 → g 2 → g

I 1 0.3 a0.27 a0.001
b0.09 b0.0002

2 1.0 0.01 0.90
0.002 0.08

II 1 0.2 0.18 0.001
0.08 0.0003

2 3.53 0.01 0.53
0.003 0.06

III, IV 1 0.401 0.32 0.002
0.07 0.0004

2 1.30 0.08 1.29
0.003 0.20

aIsotropic component.
bLinearly anisotropic component.

3.2. Numerical tests for multi-group problems
In this subsection, the new methods were tested for

multi-group test problems. First, new methods are ap-
plied to a two-group heterogeneous problem consisting
of four regions. The configuration and sources are given
in Figure 3. The cross sections are given in Table 1.

The left and right boundary conditions are reflec-
tive and vacuum, respectively. The sources are given in
regions I and III. Region II has large absorption cross

Table 2. Relative errors (%) of the region average scalar fluxes and the scalar fluxes at the right boundary.

DD SCB-EEM1 SCB-EEM2 SCB-PEM

Region no. Group 1 Group 2 Group 1 Group 2 Group 1 Group 2 Group 1 Group 2

I a0.25 0.38 0.01 0.00 −0.02 0.10 0.23 4.50
b0.02 0.09 0.00 0.01 0.00 0.01 0.02 0.50
c0.0 −0.06 0.00 0.01 0.00 0.01 0.00 0.03

II 3.94 1096.2 −0.20 0.08 −0.15 0.55 0.35 −29.8
0.26 242.9 −0.03 −0.01 −0.03 0.00 0.06 −3.46
0.03 −0.03 0.00 −0.08 0.00 −0.08 0.01 −0.20

III 2.81 −14.79 0.07 −0.03 0.10 0.43 2.34 39.2
0.13 −0.10 0.02 −0.02 0.02 0.01 0.27 4.98
0.01 0.31 0.01 0.09 0.01 0.09 0.01 0.27

IV 27.3 38.94 −0.13 −0.187 −0.47 −1.80 3.43 16.94
0.03 1.07 −0.04 −0.02 −0.05 −0.08 0.54 2.10
0.1 0.55 0.01 0.03 0.01 0.03 0.03 0.11

At right boundary 123.4 389.9 −2.62 −4.18 −13.49 −18.56 15.35 2.02
−3.06 −11.2 −0.83 −3.14 −0.94 −3.36 0.23 −3.19
0.64 0.17 0.01 −0.60 0.01 −0.61 0.06 −0.64

a2,1,1 and 2 meshes are used in regions I, II, III, and IV, respectively.
b8,4,4, and 8 meshes are used in regions I, II, III, and IV, respectively.
c32,16,16, and 32 meshes are used in regions I, II, III, and IV, respectively.
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section for the second energy group and no source, and
so the scalar flux will be very small in this region. The
thicknesses of regions I, II, III, and IV are 20, 5, 5, and
20 cm, respectively. For this test problem, four different
mesh divisions were used to show the effect of the mesh
sizes on the accuracy. This problem is solved with S12

angular quadrature.
Table 2 summarizes the results of numerical analyses

with three different mesh division types. In this numeri-
cal test, the region average scalar fluxes and the scalar
flux at the right boundary are analyzed as the func-
tion of the mesh division types and the reference solu-
tion was obtained using DD with very fine meshes such
that each region was divided into 1000 meshes. These
results show that SCB-EEM1 gives quite accurate solu-
tions even with large mesh size for both energy groups.
For example, SCB-EEM1 evenwith 2, 1, 1, and 2meshes
in region I, II, III, and IV, respectively, gives extremely
small errors less than 0.2% for all the region average
scalar fluxes, 2.6% (Group 1) and 4.2% (Group 2) errors
of the scalar fluxes at the right boundary. SCB-EEM2
also gives much higher accuracy for most of the mesh
sizes thanDD and its solution converges to that of SCB-
EEM1 as mesh size decreases. SCB-PEM shows much
higher accuracies for thick meshes than DD.

The scalar flux distributions that are obtained with
the reference fine mesh DD calculation are shown in
Figure 4. As expected, there are very steep gradients of
the second-group scalar flux near the interfaces of region
II.

The next test problem is a 40-cm thick homogeneous
slab with four group cross sections. This problem con-
sists of source region and shield region while they have
the same cross sections. The configuration of this prob-
lem and source strengths are given in Figure 5 and the
four group cross sections are provided in Table 3. The
boundary conditions at the left and right boundaries
are reflective and vacuum, respectively. The shield region
is sub-divided into three regions of equal thickness for
comparison of the region average scalar fluxes.

The S12 angular quadrature was used for this test
problem. The accuracy of the region average scalar

Figure 4. Reference scalar flux distribution for the two-group
heterogeneous test problem.

fluxes and the scalar fluxes at the right boundary was
analyzed in comparison of the reference solution ob-
tained with a very fine mesh DD calculation (mesh size
= 0.01 cm). The analysis results are given in Table 4. All
the methods give quite accurate values of the source re-
gion average first-group scalar flux for all the mesh sizes.
For the other region average scalar fluxes and the one at
the right boundary, all the new methods except for DD
give quite accurate values whose errors are less than 1%
for all the mesh sizes with one exception for the largest
mesh size case of 5.0 cm.

The errors of Group 2 are relatively larger than those
of Group 1 due to the shorter mean free path of Group 2
neutrons. However, the new methods using eigenfunc-
tion expansion still give quite accurate region average
scalar fluxes. For SCB-EEM1, the errors for all the re-
gions are less than 1% for all the mesh sizes with one ex-
ception for the shield region II with mesh size of 5.0 cm.
Also, SCB-EEM2 gives quite accurate results whose
errors are less than 1.3% for all the regions and mesh
sizes with one exception for 5.0-cm mesh size. SCB-
PEM also gives much higher accuracy than DD but
their solutions are less accurate than the eigenfunction

Figure 5. Configuration and sources of the four-group test problem.
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Table 3. Multi-group cross sections (cm−1) for the four-group homogeneous test problem.

Scattering cross sections

Energy group (g) Total cross section 1 → g 2 → g 3 → g 4 → g

1 0.5 3.000E−01 5.000E−02 1.000E−04 4.000E−04a

2.900E−02 3.500E−04 2.500E−05 2.100E−05b

2 1.0 1.000E−02 5.000E−01 5.000E−03 1.000E−03
1.500E−04 1.200E−02 1.800E−04 4.100E−05

3 2.0 5.000E−03 2.000E−01 1.000E+ 00 8.000E−02
2.400E−04 2.950E−03 5.000E−02 1.800E−04

4 4.5 1.000E−03 1.000E−01 8.000E−02 2.000E+ 00
3.700E−05 2.600E−02 4.500E−04 6.800E−02

aIsotropic component.
bLinearly anisotropic component.

expansionmethods. It is noted that the accuracy of SCB-
PEM is comparable to the eigenfunction expansion
methods except for the shield region I and the other
shield regions in the 5.0-cm mesh size cases. Our meth-
ods also give quite accurate values of the scalar flux
at the right boundary. In particular, SCB-EEM1 gives
errors less than 3.5% for all the mesh sizes.

The accuracies of all the methods for Group 3 are
worse than those forGroup 2, but the trends versusmesh
size variations are similar to each other. For this rea-
son, the results for Group 3 are omitted. As shown in
the table, the errors for Group 4 are larger than those
for the previous energy groups. It is due to the fact that
this energy group has the shortest mean free path (i.e.,

Table 4. Relative errors (%) of the region average fluxes and scalar fluxes at the right boundary for the four-group homogeneous
test problem.

Method

Region Mesh size (cm) DD SCB-EEM1 SCB-EEM2 SCB-PEM

Source region 5.0 a0.6/b0.6/c0.5 0.1/0.0/0.0 0.0/0.0/0.0 0.3/0.7/0.6
2.5 0.2/0.2/0.2 0.0/0.0/0.0 0.0/0.0/0.0 0.1/0.2/0.4
1.25 0.0/0.1/0.1 0.0/0.0/0.0 0.0/0.0/0.0 0.0/0.0/0.2
0.625 0.0/0.0/0.0 0.0/0.0/0.0 0.0/0.0/0.0 0.0/0.0/0.1
0.3125 0.0/0.0/0.0 0.0/0.0/0.0 0.0/0.0/0.0 0.0/0.0/0.0

Shield region I 5.0 48.4/183.2/547.5 −0.6/−0.5/−0.7 −0.1/0.1/3.3 −3.7/−16.2/−62.7
2.5 11.4/61.4/505.1 −0.4/−0.6/−0.3 −0.3/−0.4/1.4 −0.9/−4.6/−41.0
1.25 0.6/12.7/257.5 −0.1/−0.5/−0.2 −0.1/−0.5/−0.3 −0.2/−1.2/−19.0
0.625 0.1/1.7/84.7 0.0/−0.2/−0.5 0.0/−0.2/−0.5 0.0/−0.3/−6.0
0.3125 0.0/0.0/18.2 0.0/0.0/−0.6 0.0/0.0/−0.6 0.0/0.0/−1.6

Shield region II 5.0 −12.5/48.4/90.4 0.0/1.7/2.9 −0.9/−20.6/−10.4 8.8/129.6/1747.3
2.5 −22.3/−1.8/41.2 0.0/0.0/0.0 0.1/−1.3/−7.7 0.3/1.1/16.3
1.25 −11.0/−10.5/−0.2 0.0/0.0/0.0 0.0/−0.1/−0.9 0.0/0.0/0.0
0.625 −2.9/−3.6/−2.0 0.0/0.0/0.0 0.0/0.0/−0.1 0.0/0.0/0.0
0.3125 −0.7/−0.9/−0.9 0.0/0.0/0.0 0.0/0.0/0.0 0.0/0.0/0.0

Shield region III 5.0 30.3/142.0/209.3 0.7/0.8/0.9 −0.3/−20.0/−16.6 14.7/57.1/1924.2
2.5 −47.8/−29.9/16.6 0.0/0.0/0.1 0.0/−1.2/−6.6 0.6/0.0/0.8
1.25 −20.7/−18.4/−9.8 0.0/0.0/0.0 0.0/0.1/−0.8 0.0/0.0/0.0
0.625 −5.5/−5.5/−4.3 0.0/0.0/0.0 0.0/0.0/0.1 0.0/0.0/0.0
0.3125 −1.4/−1.4/−1.4 0.0/0.0/0.0 0.0/0.0/0.0 0.0/0.0/0.0

Right boundary 5.0 91.3/444.6/879.5 −0.3/−3.1/−8.2 −1.3/82.8/354.8 29.5/586.1/98302.6
2.5 −64.1/−34.5/140.0 −0.8/−3.4/−7.8 −0.9/−8.4/67.6 −0.2/−5.2/−27.9
1.25 −29.5/−11.7/55.3 −0.3/−1.8/−5.9 −0.3/−2.1/−22.9 −0.3/−2.4/−17.0
0.625 −8.2/−8.2/23.3 0.0/−0.5/−4.5 0.0/−0.5/−5.5 0.0/−0.6/−8.9
0.3125 −2.1/−2.1/−2.1 0.0/0.1/−2.7 0.0/−0.1/−2.6 0.0/−0.1/−3.9

aGroup 1.
bGroup 2.
cGroup 4.
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Figure 6. Reference scalar flux distributions for the four-
group test problem.

largest total cross section) and large ratio of absorption-
to-total cross section. However, Table 4 shows that SCB-
EEM1 still gives extremely accurate results for the re-
gion average scalar fluxes for all the meshes. The er-
rors of SCB-EEM1 are less than 1% for all the cases
with one exception for the shield region II with 5.0-
cm mesh size. On the other hand, the scalar fluxes
at the right boundary are relatively small in compari-
son with the region average scalar fluxes (see Figure 6)
and so it is quite difficult for the scalar flux at the
right boundary to be accurately estimated although it
is a homogeneous problem. For SCB-EEM1, the er-
rors of the scalar flux at the right boundary are 8.2%
and 2.7% for 5.0 and 0.31-cm mesh sizes, respectively.
SCB-EEM2 also shows larger errors than in the previ-
ous energy groups but its errors for the shield region II
aremuch smaller than those ofDDand SCB-PEMwhile
SCB-PEM shows comparable accuracies for the shield
region III and the right boundary to SCB-EEM2 except
for the case of 5.0-cm mesh size in which the errors of
Groups 2 and 4 scalar fluxes are unphysically large for
DD, SCB-EEM2, and SCB-PEM.

Figure 6 shows the scalar flux distributions in log-
scale which are obtained by the very finemeshDDcalcu-
lation. As expected, it is noted in this figure that the last-
group scalar flux is rapidly reduced at the right boundary
and it has very steep gradient near the interface between
the source and shield regions.

The last test problem is a two-group eigenvalue prob-
lem that consists of five material regions (three fuel re-
gions, one absorber region, and one reflective region).
As shown in Figure 7, each region is a 20-cm thick slab
except for the absorber region of 10 cm. An absorber
region having large thermal absorption cross section is
placed between two fuel regions. The two-group cross
sections for these regions that are given in Table 5 are
from the small LWR problem given in [18]. Fuel 2 is de-
vised to model fuel region having lower enriched ura-
nium than Fuel 1. Fuel 2 has the same cross sections as
Fuel 1 except for its thermal nu∗fission cross section. S12

quadrature set is used to solve this problem.
The eigenvalues estimatedwith the newmethods ver-

sus the number of meshes per region are given inTable 6.
The results show that SCB-EEM1 gives quite accurate
values even with only one mesh per region (i.e., 20-cm
mesh size) and SCB-PEM gives greater accuracies for
eigenvalues than SCB-EEM2. DD gives less accurate
results in eigenvalue for the cases using one and two
meshes per each region than our methods while it gives
accurate eigenvalues comparable to those of our meth-
ods for the cases having six and four meshes per region.
The reference eigenvalue and flux distribution are ob-
tained using DD and 400 meshes for each region.

The region average scalar fluxes are compared in
Table 7. The results show that SCB-EEM1 gives very ac-
curate values even with one mesh per each region and
maximum relative error for Group 1 is 4.85% in the re-
flector region. SCB-EEM2 shows reasonable accuracy
except for the one mesh case per region while SCB-PEM
gives similar accuracies to SCB-EEM2 except for the re-
flector region.

For Group 2, SCB-EEM1 still shows very accurate
region average fluxes even with one mesh per each re-
gion and maximum error is 2.41%. SCB-EEM2 and

Figure 7. Configuration of the two-group eigenvalue problem.
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Table 5. Cross sections (cm−1) for the two-group eigenvalue problem.

Scattering

Materials Energy group (g) Total Nu∗fission 1 → g 2 → g

Fuel 1 1 2.23775E−01 9.09319E−03 1.92423E−01 0.00000E+ 00
2 1.03864E+ 00 2.90183E−01 2.28253E−02 8.80439E−01

Fuel 2 1 2.23775E−01 9.09319E−03 1.92423E − 01 0.00000E+ 00
2 1.03864E+ 00 2.00000E−01 2.28253E − 02 8.80439E − 01

Reflector 1 2.50367E−01 0.00000E+ 00 1.93446E−01 0.00000E+ 00
2 1.64482E + 00 0.00000E + 00 5.65042E − 02 1.62452E+ 000

Absorber 1 8.52325E − 02 0.00000E + 00 6.77241E − 02 0.00000E+ 00
2 2.17460E−01 0.00000E+ 00 6.45461E−05 3.52358E−02

SCB-PEMgivemuch larger errors in the absorber region
for the cases using small number of meshes. DD gives
much larger errors in the region average scalar fluxes
than our methods and it is noted that DD gives large
errors in the reflector region even for the case using four
meshes per region.

Figures 8 and 9 compare the scalar flux distributions
obtained by the reference DD calculation and SCB-
EEM1 using four meshes per each region for Groups 1
and 2, respectively. These figures show that SCB-EEM1
gives accurate scalar flux distributions with large mesh
size.

Table 6. Comparison of the eigenvalues for the eigenvalue problem.

Numbers of meshes per region SCB-EEM1 SCB-EEM2 SCB-PEM DD

1 1.405239 (−0.14a) 1.440578 (2.37) 1.402820 (−0.31) 3.6604 (160)
2 1.407416 (0.02) 1.417884 (0.76) 1.405594 (−0.11) 1.42097 (0.98)
4 1.407295 (0.01) 1.409521 (0.17) 1.406993 (−0.01) 1.40725 (0.01)
6 1.407224 (0.00) 1.407958 (0.06) 1.407149 (0.00) 1.406329 (-0.06)
Reference 1.407164

a(keff − keff,reference)/keff,reference × 100.

Table 7. Comparison of the relative percentage errors of the region-wise scalar fluxes.

Method

Region Number of meshes per region SCB-EEM1 SCB-EEM2 SCB-PEM DD

Region I (fuel 2) 1 a2.23/b2.41 −12.51/−15.10 10.13/12.97 −93.1/92.8
2 0.28/0.33 −4.71/−5.37 3.94/5.06 −9.5/−8.5
4 0.07/0.10 −1.10/−1.18 0.95/1.27 0.1/0.1

Region II (absorber) 1 −0.82/−0.47 −4.17/−59.2 8.07/−28.3 −91.7/112.9
2 −0.34/−0.54 −2.21/−17.8 3.26/−12.3 −10.6/58.6
4 −0.06/−0.37 −0.64/−3.29 0.80/−3.74 0.0/6.5

Region III (Fuel 1) 1 0.94/0.91 −3.72/−1.05 3.15/4.36 −64.8/−72.2
2 0.04/0.05 −1.57/−0.90 1.18/1.51 −6.5/−3.8
4 −0.01/0.00 −0.41/−0.30 0.23/0.32 −0.8/−0.6

Region IV (fuel 1) 1 −1.99/−0.95 1.16/3.90 −1.57/−6.06 −44.8/97.2
2 −0.19/−0.07 0.65/1.83 −0.66/−2.19 4.5/5.0
4 0.00/−0.02 0.20/0.49 −0.15/−0.49 0.4/0.6

Region V (reflector) 1 −4.85/1.29 −1.22/15.42 −18.64/1.20 107.8/55.7
2 0.37/−0.06 0.81/−3.32 −6.15/−0.20 53.7/125.6
4 −0.09/−0.09 0.32/−0.95 −1.45/−0.15 7.7/15.9

aGroup 1.
bGroup 2.
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Figure 8. Comparison of the scalar flux distributions for the
two-group eigenvalue problem (Group 1).

Figure 9. Comparison of the scalar flux distributions for the
two-group eigenvalue problem (Group 2).

4. Conclusion

In this paper, a new accurate solution method using
eigenfunction expansion and sub-cell balances was de-
veloped for solving the multi-group even-parity discrete
ordinates transport problem with a linearly anisotropic
scattering source in slab geometry and it was tested
for one- and multi-group problems including an eigen-
value problem as well as fixed source problems. The four
eigenfunctions of S4 within-group transport equation
are used as basis functions to expand the spatial shape of
angular flux in eachmesh. The cubic and constant shape
approximations were introduced for the spatial shape of
the scattering source from other energy groups and fis-
sion source. In the new methods, the coupling equations
for the unknowns were derived using the two sub-cell
balance equations and two continuity conditions of the
odd- and even-parity angular fluxes at both edges. For
the accuracy analysis of newmethods, a sub-cell method
with polynomial expansion of angular flux was also
developed.

The new methods were applied to various test prob-
lems for performances analysis. The results of one-group
homogeneous problem showed that the new methods
are third-order accurate in mesh refinements. The tests
for multi-group problems also showed that new meth-
ods give accurate region average scalar fluxes and the
boundary scalar fluxes. In particular, the sub-cell bal-
ance method with eigenfunction expansion and with
cubic spatial approximation of the sources gave quite ac-
curate scalar fluxes and eigenvalues even with very thick
meshes for bothmulti-group fixed source and eigenvalue
problems. From the numerical tests, it can be concluded
that the newly developed eigenfunction expansionmeth-
ods with sub-cell balances can be effectively used in the
multi-group slab geometry problems for accurate esti-
mation of the scalar flux distributions and eigenvalues.

The novelty of the newly developed method in this
paper resides in the use of the eigenfunctions of the
S4 approximation to represent the within-group, even-
parity angular flux and a cubic polynomial to approx-
imate the scattering sources from other energy groups
and the fission source. The idea was proposed in one of
the authors’ earlier work: the idea for one-group, slab-
geometry problems with isotropic scattering was intro-
duced in [11] and extended it for linearly anisotropic
scattering in [12]. This paper successfully extended the
idea for multi-group problems.
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